Abstract: The present work shows how the eccentricity in active nano-particles may lead to very interesting and rather directive near-and far-field radiation patterns. The nano-particle is of a three-layer type and consists of a silica core, a free-space middle layer and an outer silver shell and is excited by a magnetic line source. The constant frequency gain model is included in the silica core, and the eccentricity is introduced through appropriate displacements of the core. It is shown that the eccentricity in a nano-particle, which was initially designed to excite a strong dipole mode, causes a progressively larger excitation of several other (including higher order) modes, this being more so the larger the core displacement. Specifically, eccentric nano-particles are identified with comparable simultaneous excitations of dipole and quadrupole modes, with associated large values of the radiated power and, even more notably, enhanced and directive near-and far-field radiation patterns. The main beam of these patterns is shown to be effectively tailored (enhanced, reshaped and steered) by the direction and amount of the core displacement. The eccentric nano-particles can be additionally gain optimized to boost their near-field response and the radiated power, while retaining the directivity of the gain unoptimized eccentric cases. Owing to their very directive nearand far-field patterns, the proposed eccentric, active three-layer nano-particles may provide alternative strategies towards the design of directive nano-antennas relative to several of the existing solutions.
Introduction
The ability to effectively control light-matter interactions on the nano-scale is of a profound importance in several emerging fields of nano-photonics, such as, e.g., nano-sensors and lasers, photonic circuits, energy harvesting/photovoltaics and medicine [1] [2] [3] [4] [5] [6] [7] . Devices that enable effective manipulation of light-matter interactions are referred to as nano-antennas. They enable efficient conversion of propagating electromagnetic waves into localized waves and vice versa, and they are thus able to generate localized, extreme fields with prescribed performance characteristics. Due to their promising potential applications in a variety of fields, significant attention was recently devoted to the field of nano-antennas; see, e.g., [8] [9] [10] and the immense list of references included therein. While many realizations of nano-antennas are simply a scaled down version of their microwave counterparts (e.g., half-wavelength dipoles and bow-ties), others employ deeply sub-wavelength plasmonic-based nano-particles (NPs) which allow for efficient light manipulation due to their surface plasmon resonances [8] [9] [10] [11] [12] [13] [14] . The interest in and development of plasmonic NP-based antennas was recently further fueled by advances in metamaterials, where it was recognized that pairing of materials with positive (dielectric) and negative (plasmonic) material parameters may lead to sub-wavelength resonators with large scattering cross-sections (for plane wave excitations) and radiated powers (for point source excitations) [15] [16] [17] [18] .
Despite the potential of the plasmonic-based NPs and related nano-antennas, their full exploitation is hindered by the large ohmic losses associated with metals at optical frequencies. To circumvent the problem, active (gain) materials were incorporated into the passive designs. To this end, several deeply sub-wavelength and resonant active NPs and nano-antennas were reported with performance characteristics significantly surpassing those of their passive counterparts [10] (Chapter 9), [19] [20] [21] [22] [23] and [24] (Chapter 14). As an alternative route of devising low-loss nano-antennas, high-index dielectric materials were recently employed to synthesize very directive radiation patterns [25] [26] [27] [28] .
A large number of works on passive and/or active plasmonic-based nano-antennas utilized sub-wavelength resonators for which the response is, due to their size, governed by the fundamental electric mode [10] (Chapter 9), [19] [20] [21] [22] [23] and [24] (Chapter 14). To enhance their directivity, simultaneous excitation of electric and magnetic modes was successfully considered [29, 30] ; this was also so with the higher-order modes in complimentary media [31] and in configurations utilizing both plasmonic and dielectric materials [32, 33] . Moreover, multi-layered active particles based on plasmonic and high-index dielectric materials were used to design a Huygens source NP laser [34] . Furthermore, introducing a hole in the plasmonic shell of an active coated NP was found to provide a necessary asymmetry for the excitation of higher order modes, which enhanced the directivity of the near-field beams in these asymmetric configurations [35] . For all-dielectric nano-antennas, a balanced excitation of electric and magnetic dipoles, as well as higher-order mode excitation in silicon NPs was found to lead to very directional patterns [25] [26] [27] [28] .
In the present work, we build on the immense interest to enhance the near-and far-field properties, particularly the directivity of sub-wavelength nano-antennas. To this end, we discuss interesting alternatives based on eccentrically-layered cylindrical active plasmonic-based NPs. More specifically, we consider a three-layer NP (3L NP) consisting of a gain-impregnated silica core, a free-space middle layer and an outer shell of silver; the particle is excited by a near-by magnetic line source. When the centers of all parts of the 3L NP coincide, it is concentric, while displacing any of its parts makes it eccentric. Attention is devoted to the influence of the eccentricity (introduced through the displacement of the core relative to the surrounding layers) on the resonant properties of the 3L NPs. It is shown that introducing the eccentricity in a nano-particle, which was initially designed to excite a strong resonant dipole mode in the concentric configuration (with large values of the radiated power), causes a progressively larger excitation of several other (including higher order) modes, this being most so for the largest core displacement. Eccentric nano-particle configurations are identified with comparable simultaneous excitations of dipole and quadrupole modes at a specific wavelength, with associated large values of the radiated power and, even more notably, enhanced and directive near-and far-field radiation patterns. It is interesting to note that the main beam direction of these patterns can be effectively tailored (enhanced, reshaped and steered) by the direction and amount of the core displacement. Moreover, the eccentric nano-particles can be additionally gain optimized to boost their near-field response and the radiated power. Similar results upon the introduction of the eccentricity are reported for nano-particles initially designed to excite a strong quadrupole mode in the corresponding concentric configuration; however, such designs are more sensitive to even the slightest displacements of the core.
Owing to their enhanced directive properties, the present eccentric 3L NPs are interesting alternative candidates for nano-antenna synthesis compared to several other solutions. The key towards the enhanced directivity is thus the eccentricity, which introduces the needed asymmetry required for the excitation of other modes. The eccentricity-based asymmetry is in contrast to the asymmetric nano-antennas considered in, e.g., [27, 35] , where higher order modes are introduced by proper perforations of the nano-antenna. In the present case, the problem is solved analytically. The access to the exact fields enables determination of the relative contributions of different modes in various concentric and eccentric 3L NPs. This not only facilitates a detailed quantification of their performance characteristics, but also accounts for the physical mechanism behind the observed phenomena.
We note that a similar two-layer active NP operating in a strong electric dipole mode was studied in [23, 36] , where the near-and far-field directivity enhancements were reported as a function of the source locations and the amount of gain. Those works also explained that the studied cylindrical active NP configurations can resonate, while still being electrically small, only if the polarization of the exciting field is transverse electric. This is why the excitation source in the present work is that of a magnetic line source. Although magnetic currents do not exist in nature, they are often used as equivalent currents through the field equivalence principles to produce fields equivalent to those from realistic aperture-type antennas [37] (a way to realize a magnetic line source could be through an infinitely thin and small conducting shell with an air-gap across which an electric field, created by an external generator, exists).
This manuscript is organized as follows. Section 2 describes the configuration of the 3L NP. Furthermore, it includes a detailed account of the analytical solution of the underlying boundary-value problem, including the main expressions of the fields and other derived quantities. Section 3 defines the specific geometric and electrical parameters of the configurations, while Section 4 presents and discusses the results for various 3L NP configurations. Finally, a summary and conclusions are found in Section 5. Throughout the manuscript, the time factor exp(jωt), with ω being the angular frequency and tbeing the time, is assumed and suppressed.
Configuration and Analytical Solution

Configuration
The cross-section of the 3L NP is shown in Figure 1 . It is made of a cylindrical nano-core of radius a (Region 1), surrounded eccentrically with a middle layer of outer radius b (Region 2) and a nano-shell of outer radius c (Region 3) and is embedded in an unbounded host medium (region 4). The particle is illuminated by the field of a near-by and infinite magnetic line source (MLS) driven by a constant magnetic current I m (V). The axes of the particle and the MLS are parallel, and the MLS is located in Region 4. The nano-core and nano-shell regions consist of simple and, in general, lossy materials with permittivity i = i − j i , permeability µ i = µ 0 , and wave number k i = ω √ i µ 0 (i = 1, 3); these will be further discussed in Section 3. The middle layer and the host medium are a free-space with the permittivity, 0 , the permeability, µ 0 , and the wave number k 0 = ω √ 0 µ 0 = 2π/λ, with λ denoting the free-space wavelength. Three Cartesian (x i , y i , z i ) and the associated cylindrical, (ρ i , φ i , z i ) coordinate systems (i = 1, 2, 3) are introduced, such that the z i -axes of the i = 1, i = 2 and i = 3 coordinate systems coincide with the center of the nano-core, middle layer and nano-shell, respectively. The coordinates of the MLS are (ρ s , φ s ), while those of the observation points are (ρ i , φ i ) in their respective coordinate system. The eccentricity of the nano-core, designated by the index (j = 13), and of the middle layer, designated by the index (j = 12), is described with respect to the first coordinate system (i = 1) by the radial distance d j and its angle φ j with respect to the x 1 -axis. 
Analytical Solution
We next outline the main steps of the analytical solution pertaining to the configuration shown in Figure 1 . The solution is based on the eigenfunction expansion technique. Appropriate addition theorems for radial functions are employed to express the fields in the same coordinate system as required for the application of the boundary conditions. The approach in [38] , where plane wave scattering from an eccentric multi-layered circular cylinder has been considered, is presently adopted in the three-layer configuration excited by a near-by MLS.
In terms of the cylindrical wave functions originating at ρ 1 = 0, the magnetic field of the MLS in Region 4 reads:
with J n (·) and H
n (·) being the Bessel function and the Hankel function of the second kind, respectively, both of order n. For ρ 1 ≤ ρ s , Bessel functions were chosen due to their non-singular behavior at ρ 1 = 0, whereas for ρ 1 ≥ ρ s , Hankel functions were chosen in order to represent outward propagating waves. The field generated by the MLS in (1) is the known field and is referred to as the incident field for the 3L NP problem in Figure 1 . The unknown scattered field in Region 4 and the unknown total fields inside the 3L NP are also expanded in terms of cylindrical wave functions and have the form:
where:
where l is the region number, while A l n and B l n are the unknown expansion coefficients to be determined. The electric fields corresponding to the magnetic fields in (1) and (2) follow at once through the application of the Maxwell-Amperes law E = ∇ × H/(jωµ); for the sake of brevity, they are not included here. The unknown expansion coefficients, A l n and B l n , are determined by use of the boundary conditions, which require the continuity of the tangential components of the total electric and magnetic fields at the three cylindrical interfaces of the 3L NP at ρ 1 = c, ρ 2 = b and ρ 3 = a. For this to be practical at the interfaces ρ 1 = c and ρ 2 = b, the fields in Regions 2 and 3 (initially expressed in terms of the i = 3 coordinate system) must be translated to the i = 1 and i = 2 coordinate systems. This is accomplished through the addition theorem for cylindrical wave functions of order n [39] . In this way, the application of the boundary conditions leads to a system of linear equations represented by:
where M n is the matrix containing the information about the cylindrical waves at the 3L NP interfaces, Ψ n is the vector containing the unknown expansion coefficients of the fields in Regions 2 and 3, while Λ n is the excitation vector, which depends on the location of the MLS, as well as on the value of the cylindrical waves at the ρ 1 = c. With the knowledge of the expansion coefficients in (4), the unknown expansion coefficients in Regions 1 and 4 can be determined. More specific details related to the determination of the unknown expansion coefficients, as well as the explicit form of the matrix M n are found in Appendix A. In the actual implementation, the infinite summations in the field expansions (1) and (2) have been truncated, such that convergence of the resulting expansions was ensured.
Apart from the examinations of the near-field distributions, the performance of the 3L NP will be quantified in terms of the normalized radiation resistance (NRR) and the directivity D. The NRR (in dB) is given by:
and expresses the power radiated by the MLS in the presence of the particle normalized with the power radiated by the MLS alone in free-space. This quantity has been used in our previous studies, e.g., [10] (Chapter 9) and [22] ; it is also equivalent to the radiated power ratio introduced initially in the metamaterial-based antenna studies [40] and to the well-known Purcell factor [41] .
The directivity represents the ratio of the radiation intensity in a given direction φ 1 to the radiation intensity averaged over all directions and is expressed as:
Geometry, Materials and Gain Model
This section specifies the geometric and material parameters, as well as the gain model employed in the study of the 3L NP. With reference to Figure 1 , we note that the 3L NP is composed of a silica (SiO 2 ) nano-core, free-space middle layer and a silver (Ag) nano-shell. The radius of the nano-core is set to a = 18 nm; the outer radius of the middle layer is set to b = 24 nm; and the outer radius of the nano-shell is set to c = 30 nm. In the forthcoming investigations, attention is devoted to the influence of the eccentricity achieved through the core displacements relative to the surrounding layers. To this end, we set the eccentricity parameters d 12 = 0, φ 12 = 0, such that the i = 2 and i = 3 coordinate systems coincide, while the eccentricity parameters d 13 , φ 13 are varied. In particular, the core displacements along the positive and negative x 1 -axis (designated as x 13 = ±x nm, with x being the amount of displacement) and along the positive y 1 -axis (designated as y 13 = y nm, with y being the displacement) will be considered.
Due to the nano-scale design (6 nm-thick silver nano-shell), the permittivity of the silver nano-shell is size dependent; this is presently accounted for as described in [20] . To model an active 3L NP, the gain is introduced in the silica nano-core using a canonical, constant frequency, gain model. Following this model, the permittivity of the nano-core is expressed as 1 
n is the refractive index maintained at the known silica value of n = 2.05 1 /2 , while the parameter κ < 0 represents the amount of gain included in the nano-core.
In all of the investigations, the MLS is located outside of the particle at ρ s = 35 nm, φ s = 0 • , and it is driven by a constant magnetic current of I m = 1 V. A summary of the relevant parameters for the investigated 3L NP is found in Table 1 . 
Results and Discussion
In the present section, we discuss the near-and far-field properties of concentric and eccentric active 3L NPs. First, the NRR and the near-field distributions are shown. At the outset, the concentric 3L NP is discussed, and subsequently, the influence of the layer eccentricity is assessed. Finally, the associated (far-field) directivity results will be discussed. The results in this section have all been obtained by a developed MATLAB code that implements the analytical expressions pertaining to the eccentric 3L NP from Section 2.2. The code was extensively validated by several means. First, it was used to reproduce successfully the known results for the concentric two-layer active NPs in [23] . Second, we also reproduced the below results in Comsol Multiphysics simulation software. A perfect agreement between our results and those obtained by Comsol Multiphysics was obtained; however, the simulations were far more time consuming when done in Comsol Multiphysics. A few representative results from Comsol Multiphysics will be included below to further confirm the correctness of our analytical results and the developed MATLAB code.
NRR and Near-Field Distributions
Introducing Eccentricity in Concentric Dipolar Configurations
For a proper value of the parameter κ, a super-resonant state can be found for the 3L NP; at this state, losses in the plasmonic part of the particle are overcome, and large values of the NRR result. For the concentric 3L NP, this state was attained for κ = −0.4409, and it is illustrated by the very large NRR values shown in Figure 2 as a function of the wavelength λ. Specifically, the maximum NRR is 55.8 dB at the wavelength of 538.7 nm. To provide insight into the physical mechanism behind the resonant enhancement of the NRR, the total power spectrum of the n-th mode is shown in Figure 3a for the concentric 3L NP. Specifically, the total power in the n = 0, 1, 2, 3 and 4 modes, normalized by the total power in the n = 1 (dipole) mode, is depicted. Since the vast majority of the power is contained in the dipole mode (for which the bar is then obviously not visible) with only a very negligible portion contained in the other modes, it is clear that its strong excitation leads to the large NRR values. This is also confirmed by the result in Figure 4a , where the quantity 20 log 10 |H| (dB) (with H being the total magnetic field normalized by 1 (V/m) prior to taking the logarithm), clearly shows a strong dipole field distribution. For the sake of the validation of these results, the corresponding numerical result obtained by Comsol Multiphysics is shown in Figure 4d and is found to be in excellent agreement with the result in 4a. A similar electric dipole mode dominated super-resonant behavior in related two-layer active particles was studied previously in [23, 36] . To assess the influence of the core displacements, Figure 2 also shows the NRR for gradual displacements of the core along the x 1 -axis by an amount x 13 = ±(1, 3, 5) nm. Several interesting results are found upon the introduction of the eccentricity. Compared to the concentric case around 539 nm, the NRR decreases with the increasing core displacements; e.g., the peak NRR is 19.4 dB at 538.5 nm for the x 13 = −5 nm core displacement. In all cases, the resonant wavelength remains the same (or almost the same) as in the concentric case. The total power in the n = 0, 1, 2, 3 and 4 modes, normalized by the the total power in the dipole mode, is shown in Figure 3b for the x 13 = −5 nm displacement (538.5 nm). Clearly, the dipole mode still dominates the response in this eccentric 3L NP. However, the other modes now contribute somewhat more than in the concentric case. The eccentricity thus causes a slightly stronger excitation of these other modes, leading to a reduced strength of the dipole mode. This is also confirmed by Figure 4b , where the magnetic near-field is shown for the x 13 = −5 nm displacement; the field is still dominated by the dipole mode, although its strength is reduced, and the pattern is slightly asymmetric due to the increased presence of other modes (the corresponding numerical result obtained by Comsol Multiphysics is shown in Figure 4e and is found to be in excellent agreement with the result in Figure 4b ).
With the decreasing NRR around 539 nm, an increasing core displacement moreover induces additional peaks at significantly shorter wavelengths. This is most so for the largest core displacements; particularly along the negative x 1 -axis (see Figure 2) , where a peak of 16.4 dB is found at 421.0 nm for x 13 = −5 nm. The corresponding total power in the n = 0, 1, 2, 3 and 4 modes, normalized by the the total power in the dipole mode, is depicted in Figure 3c . While the dipole mode is still the largest one, the eccentricity induces a more profound n = 0 (monopole) mode than before, and even more interestingly, it induces at this wavelength a very strong n = 2 (quadrupole) mode that is comparable in strength to the dipole mode. The combination of the modes, in particular the dipole and quadrupole ones, leads to a very interesting magnetic near-field shown in Figure 4c for the x 13 = −5 nm core displacement. The near-field distribution is asymmetric and rather directive, with a main beam directed along the positive x 1 direction; this is opposite of the direction of the core displacement (the corresponding numerical result obtained by Comsol Multiphysics is shown in Figure 4f and is found to be in excellent agreement with the result in Figure 4c ).
It is interesting to note how the introduction of eccentricity in a 3L NP, initially designed to operate in a dipole mode, causes the appearance of other modes; in particular, the quadrupole (higher order) mode comparable in strength to the dipole mode is excited. The simultaneous excitation of these modes can form interesting asymmetric, rather directive and enhanced near-field distributions.
The super-resonant values of the NRR (and the corresponding wavelengths) reported in Figure 2 for the 3L NP are summarized in Table 2 . Table 2 . The resonant wavelength and the NRR values for the super-resonant states of the 3L NP reported in Figure 2 . The core is displaced along the positive and negative x 1 -axis. The subscript l refers to the longer wavelength where the dipole mode dominates, while s refers to the shorter wavelength, where other, particularly quadrupole, modes are excited together with the dipole mode. 
. Optimization of Eccentric Configurations
Thus far, we have found that introducing the eccentricity in the above, initially concentric 3L NP with κ = −0.4409 lowers the NRR at the dipole resonance (around 539 nm), while simultaneously introducing an additional peak around 421 nm, where both the dipole and the quadrupole modes are comparably excited. In the case of x 13 = −5 nm displacement, the recorded peak values of the NRR were 19.4 dB at 538.5 nm and 16.4 dB at 421 nm; cf. Table 2 . It is, however, useful to note that each of these eccentric 3L NPs can be further gain optimized to yield a large NRR response at either of the two wavelengths of interest, as shown in Figure 5a for the largest, x 13 = −5 nm, core displacement along the negative x 1 -axis. The maximum NRR is found at 538.7 nm for κ = −0.4000 and at 420.7 nm for κ = −0.4202. The corresponding total power in the n = 0, 1, 2, 3 and 4 modes, normalized by the the total power in the dipole mode, is shown in Figure 5b ,c; the dipole mode is by far the strongest mode at 538.7 nm in the eccentric 3L NP for κ = −0.4000, while it blends effectively with the quadrupole mode at 420.7 nm in the eccentric 3L NP for κ = −0.4202. These power spectra largely correspond to those discussed above for the non-optimized eccentric 3L NP, except that in the present case, the n = 0 (monopole) mode is considerably more suppressed relative to the non-optimized eccentric 3L NPs. Thus, the dipole and quadrupole modes dominate the response even more in the gain-optimized eccentric 3L NP around 421 nm than in the previously-discussed cases. The magnetic fields corresponding to the peaks in Figure 5a are shown in Figure 6a ,b. A strong dipole mode, although with some asymmetry, is in evidence at 538.7 nm; cf. Figure 6a . The field in Figure 6b , recorded at 420.7 nm, is similar in shape, but significantly enhanced in strength, relative to the one found in Figure 4c . It is asymmetric and rather directive with most of the field radiated in the x 1 > 0 half-space in the direction opposite the core displacement direction.
The influence of the nano-core displacements in other directions on the directive properties of the 3L NPs has also been investigated. By displacing the core in the positive x 1 -direction or even along the y 1 -axis, the main beam direction of the resulting field distribution is effectively shifted, as shown in Figure 6c ,d. The main beam again occurs in the direction opposite the core displacement direction (for the displacement along the positive x 1 -axis) and almost opposite of it (for the displacement along the positive y 1 -axis); the latter being due to the asymmetric MLS location with respect to the 3L NP. As a consequence, the introduction of the eccentricity in the presently examined 3L NPs offers, through excitation of dipole and quadrupole modes, a very interesting means of attaining rather directive near-field distributions, as well as the possibility to effectively steer its main radiation direction by the direction of the core displacements. 
Introducing Eccentricity in Concentric Quadrupolar Configurations
The above discussion was initiated through a consideration of a concentric 3L NP designed to provide a strong dipole mode response and was subsequently extended to assess the influence of the eccentricity. By proper adjustments of the parameter κ, the concentric 3L NP can likewise be optimized to give a significantly larger NRR response around the shorter wavelength of 421 nm. This is illustrated in Figure 7a , where a large peak in the NRR is found for κ = −0.6202 in the concentric case. The corresponding total power spectrum of the n-th mode (the total power in the n = 0, 1, 2, 3 and 4 modes, normalized by the the total power in the n = 2 (quadrupole) mode) is shown in Figure 7b , from which it clearly follows that the reported peak in the NRR is due to the excitation of a strong quadrupole mode (for which the bar is then obviously not visible) at this wavelength. This is also confirmed by the magnetic field result in Figure  7c , where a strong quadrupole mode is found. It is important to note that the resonances in this case are very susceptible to even the smallest core displacements; e.g., the NRR decreases to around 6 dB at x 13 = −3 nm. Even though the power spectra are not included presently for these eccentricities, they have revealed a significantly increased presence of other than the quadrupole mode (particularly the monopole and dipole modes) upon the introduction of the eccentricity in the present 3L NPs. However, in all cases, the quadrupole mode remained the strongest. The present analysis demonstrated a very interesting means to effectively tailor (enhance, reshape and steer) the near-field response through the excitation of several modes by introducing the eccentricity in the examined 3L NPs. Particularly, cases were identified with comparable simultaneous excitation of dipole and quadrupole modes; they possessed enhanced NRRs, as well as enhanced and directive near-fields, with the direction of the main beams controlled by the direction of the core displacement.
Directivity
Having described how the eccentricity influences the near-field distribution in the examined 3L NPs, we next show that similar results hold also for their far-field properties. To this end, Figure 8 shows the directivity (6) of the concentric and eccentric 3L NPs for κ = −0.4409; this corresponds to the NRR results in Figure 2 at the longer wavelength around 539 nm (see also Table 2 ) where the dipole mode dominates. For the directivity investigations, core displacements x 13 = ±(1, 3, 5) nm and y 13 = (1, 3, 5) nm have been considered. In the concentric case, a symmetric dipole is excited with maximum directivity, D max = 2 in the φ 1 = 0
• and 180
• directions. In all eccentric cases, an increased eccentricity shifts the directivity slightly so that its maximum (slightly above two) occurs for φ 1 = 180
• . The present directivity results are in line with the corresponding near-field distributions discussed in Section 4.1. Evaluating next the directivities of the same 3L NP, but at the shorter wavelength (see also Table 2 ) where the dipole and quadrupole modes are of comparable strength, the results in Figure 9 are obtained. As the core displacement increases, an increasingly distinct main beam is formed in the direction opposite the core displacement direction (or almost opposite of it for the displacement along the y 1 -axis). For displacements along the x 1 -axis, both 3-and 5-nm displacements yield rather directive patterns with D max around three; thus, the directivity is enhanced relative to that offered by the dipole mode alone. This is moreover interesting in the former case, since the resulting NRR value is low (3 dB and 4.5 dB); cf. Table 2 . For the displacements along the y 1 -axis, only the largest eccentricity leads to a highly directive pattern with D max exceeding three. The directivity pattern for the largest core displacements along the negative x 1 -axis is in agreement with the corresponding near-field results reported in Figure 4c . It is also useful to note that similar directivities, not included here, are obtained for the 3L NPs optimized in the eccentric case to give a peak NRR at the shorter wavelength; the corresponding near-fields are shown in Figure 6b -d. As with the discussion of the near-fields in Section 4.1, the initial directivity discussion above was based on a super-resonant 3L NP initially designed to give a dipole-dominated response. If, however, one takes the outset in the 3L NP optimized in the concentric case for a quadrupole mode (see Figure 7 for the NRR, power spectrum and near-field results), the directivities in Figure 10 are obtained in the concentric and the indicated eccentric cases. In the concentric case, the directivity is, as expected, a symmetric quadrupole (with D max = 2). As the core displacement increases, the trend follows roughly the previously-reported results; asymmetry in the pattern is introduced (due to several modes contributing, but with the quadrupole mode being the strongest), resulting in the formation of a main beam (with enhanced directivity) in the direction opposite the core displacement direction. However, the patterns show a greater consistency in their form as the displacement increases, and the main beam appears to be narrower than in the previous cases. Note, however, that only displacements up to 2 nm are considered presently, due to the high sensitivity of the quadrupole mode to large displacements, which were found to result in no enhancements of the NRR; cf. our discussions at the end of Section 4.1.
In conclusion, the introduction of the eccentricity in the presently-investigated 3L NPs introduces the required asymmetry in the particle and, thus, causes a simultaneous appearance of several modes. This enables effective tailoring (enhancement, reshaping and steering) of not only the near-field radiation, but also their far-field directivities. Appropriate core displacements in a specified direction can lead to cases where, e.g., dipole and quadrupole modes are comparably excited, with the outcome of rather directive patterns in the direction opposite or almost opposite the core displacement direction. These effects were found to be more pronounced the larger the core displacement is; at the same time, relatively large NRR values were attained implying that a large amount of power is extracted from the near-by MLS and is thus radiated in the direction controlled by the core displacement direction. The investigated 3L NP may therefore serve as an alternative candidate to attain the directive near-, as well as far-field radiation properties relative to solutions proposed in, e.g., [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . 
Summary and Conclusions
Resonant properties of three-layer active concentric and eccentric nano-particles comprised of a gain-impregnated silica core, free-space middle layer, coated by a silver shell, were investigated presently for magnetic line source excitation. The problem was solved analytically by employing the eigenfunction expansion technique, and the configuration was subsequently thoroughly investigated through examinations of the resulting near-and far-field results. In particular, the influence of eccentricity, achieved through the silica core displacements, on the radiated power, near-field distributions and directivity for a variety of concentric and eccentric nano-particles was assessed.
It was demonstrated that introducing the eccentricity in a nano-particle, which was initially designed to excite a super-resonant, dipole-dominated state in the concentric configuration (with large values of the radiated power), causes a progressively larger excitation of other, including higher order, modes. This was found to be most pronounced for the largest core displacement. Specifically, careful power spectrum calculations revealed that eccentric nano-particle configurations exist with comparable simultaneous excitations of dipole and quadrupole modes at a specific wavelength; this combined excitation was accompanied by large values of the radiated power and, even more notably, enhanced and rather directive near-and far-field (directivity) patterns. The main beam direction of these patterns was found to be effectively tailored (enhanced, reshaped and steered) by the direction and the amount of the silica core displacement. By further adjustments of the gain inside the silica core, the eccentric nano-particles could be optimized to boost their near-field response and the radiated power. Similar results upon the introduction of the eccentricity were found for nano-particles, which were initially designed to excite a strong quadrupole mode in the corresponding concentric configuration. However, such designs proved more sensitive to even the smallest displacements of the core.
The results of this manuscript demonstrate that eccentric nano-particles can be used for the synthesis of very directive sub-wavelength antennas; the key behind the operation is the eccentricity, which introduces the needed asymmetry required for the excitation of other, including higher order, modes. Thus, as noted elsewhere in the manuscript, the investigated three-layer active and eccentric nano-particles offer an interesting route of achieving directive near-and far-field radiation properties relative to several of the existing solutions [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] .
Future work on eccentrically-layered nano-particles will address the influence of the source location on their characteristics, as well as investigations of array configurations of the presently-investigated three-layer nano-particles to further increase their directivity response. Moreover, the extension of the eccentricity concepts to the more realistic spherical geometries will be pursued in the near future.
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A. Determination of the Unknown Expansion Coefficients
The present Appendix contains the steps necessary to determine the expansion coefficients of the unknown fields due to the 3L NP. The employed field expansions have been discussed in Section 2.2. The application of the boundary conditions, requiring the continuity of the tangential components of the total electric and magnetic fields at the various interfaces, yields the following equations:
at the nano-core interface, ρ 3 = a, and: 
at the external interface, ρ 1 = c. In the above equations, the prime denotes the derivative with respect to the entire argument of the function. Moreover, in (8a) and (8b), the fields expressed in terms of the i = 3 coordinate system were translated to the i = 2 coordinate system using the addition theorem for cylindrical wave functions of order n [39] . Similarly, in (9a) and (9b), the fields expressed in terms of the i = 3 coordinate system were translated into the i = 1 coordinate system. The solution of the unknown expansion coefficients can be obtained by proper manipulation of the above expressions, as described next. First, consider the nano-core interface. Equations (7a) and (7b) are used to eliminate A where:
q (k 1 c) e j(qφs−(q−n)φ 13 ) (15a) ψ 2 (q, n) = J q−n (k 2 d 13 )
q (k 2 c) H
q (k 1 c)
q (k 1 c) e j(qφs−(q−n)φ 13 ) (15b)
q (k 1 ρ s )
Equations (10), (12) and (14) make a system of linear equations for the unknown expansion coefficients, which can be written as: 
where ψ p (p = 1, 2) is a matrix formulation of (15a) and (15b), χ ν i (i = 1, 2, 3, 4) is a matrix formulation of the expressions in (13), τ pn is a diagonalized matrix comprised of elements (11), A ν n and B ν n are vectors containing the expansion coefficients and ζ q is a vector representation of (15c). The solution of (16) can be written in a compact notation as:
where M n is the matrix containing the information about the cylindrical waves at the 3L NP interfaces, Ψ n is the vector containing the unknown expansion coefficients of the fields in Regions 2 and 3, while Λ n is the excitation vector, which depends on the location of the MLS, as well as on the value of the cylindrical waves at the ρ 1 = c interface.
The solution of (17) yields the unknown expansion coefficients in Regions 2 and 3. When these are known, the expansion coefficients in Regions 1 and 4 are obtained by solving (7a) and (9a), respectively, as: 
Note that identical coefficients could be obtained by solving (7b) and (9b) instead.
